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TNS are very useful in the 
quantum many-body contextÉ



works for GS, low energy, thermal equilibriumÉ
Verstraete, Cirac, PRB 2006 
Hastings J. Stat. Phys 2007

Hastings PRB 2006
Molnar et al. PRB 2015

area laws

high energy eigenstates, quenchesÉ 

volume law

Osborne, PRL 2006
Schuch et al., NJP 2008

Vidmar et al., PRL 2017

applicability for QFT problems

review: MCB, K. Cichy arXiv:1910.00257 
LGT: systematically probed in 1D, progress in 2D

suitable for other QFT problems arXiv:1908.04536,1912.08836 



entanglement growth in non-equilibrium 
scenarios limits the applicability of MPS

fundamental questions: thermalization, ETHÉ



alternative: give up 
description of the full state

evolving operators: Heisenberg picture

operator space entanglement

Hartmann et al, PRL 2009

also for mixed states

Prosen Pizorn, PRL 2008

observables as TN to contract

MCB, Hastings, Verstraete, Cirac, PRL 2009
MŸller-Hermes et al., NJP 2012
Hastings, Mahajan 2014
Fr’as-PŽrez, MCB 2201.08402

different entanglement quantities



exploring properties of quantum many-
body systems at Þnite energy density

spectral properties of 
a QMB Hamiltonian

Yang, Iblisdir, Cirac, MCB, PRL124, 100602 (2020)
Papaefstathiou, Robaina, Cirac, MCB, PRD104, 014514 (2021)

‚akan, Cirac, MCB, PRB 103, 115113 (2021)
Lu, MCB, Cirac, PRX Quantum 2, 02032 (2021)

Yang, Cirac, MCB, arXiv:2204.09439

Recent work in this spiritÉ

generalized 
density of states

can be connected to 
equilibrium and non-

equilibrium properties
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generalized density of states

average expectation value in 
eigenstates with given energy
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generalized density of states

O = I
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unnormalised DOS

local DOS
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energy Þlter

Þlter as ensemble

diagonal in energy eigenbasis ⇒ microcanonical

E
<latexit sha1_base64="K3L3loLX965eoRdgnieOL5Q8P5Y="></latexit>

DoS

H =
N!

n =1

hi

<latexit sha1_base64="eSlNgpUKP1jzc6jEWyeCS4f+S6c="></latexit>

equivalent to diagonal ensemble of 
a certain pure state

Lu et al. PRX Q2, 02032 (2021); Yang et al arXiv:2204.09439 
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reached only after long 
time evolution
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Lu et al. PRX Q2, 02032 (2021); Yang et al arXiv:2204.09439 

Þltering a state

decrease energy variance ⇒ microcanonical

BUT in general, entanglement of 
Þltered state grows
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implementing the Þlter

Gaussian operator ⇒ not local
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Lu et al. PRX Q2, 02032 (2021); Yang et al arXiv:2204.09439 



implementing the Þlter

Gaussian operator ⇒ not local
⇒ cosine approximation
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implementing the Þlter

Gaussian Þlter ⇒ approximated by series of 
evolutions
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Lu et al. PRX Q2, 02032 (2021); Yang et al arXiv:2204.09439 

can be run in a quantum simulator 
or simulated with TNS 
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tm = 2m/r
!

N

<latexit sha1_base64="hSa4k2pn90+rXuGaFvwWnRkU7PM=">AAAB/XicdVDLSgNBEJyNrxhfqzl6GQyCp7gTo8aDEPTiMYIxgewSZieTZMjsg5leSVjir3jxoCBe/Q9v/o2Th6CiBQ1FVTfdXX4shQbH+bAyC4tLyyvZ1dza+sbmlr29c6ujRDFeZ5GMVNOnmksR8joIkLwZK04DX/KGP7ic+I07rrSIwhsYxdwLaC8UXcEoGKlt56GdugEdjs9LeHjodrgE2rYLTvHYIWcnDnaKzhRTUiFHBJO5UkBz1Nr2u9uJWBLwEJikWreIE4OXUgWCST7OuYnmMWUD2uMtQ0MacO2l0+PHeN8oHdyNlKkQ8FT9PpHSQOtR4JvOgEJf//Ym4l9eK4FuxUtFGCfAQzZb1E0khghPksAdoTgDOTKEMiXMrZj1qaIMTF45E8LXp/h/0igVSblIyHW5UL2Y55FFu2gPHSCCTlEVXaEaqiOGRugBPaFn6956tF6s11lrxprP5NEPWG+f+3KUzQ==</latexit>

tmax = 2x/ �

Lu et al. PRX Quantum 2, 02032 (2021)



quantum algorithm (1)

for a state      that can be efÞciently prepared 
<latexit sha1_base64="4j+9JFlMl/902ITGYvBPHX1SQno="></latexit>

|! !

product states, MPSÉ

<latexit sha1_base64="Q7yHa88ZHv92Te+Yc5Cf+WUS3rA="></latexit>

aA, ! (t) = ! ! |Ae! iHt |! "

a! (t) = ! ! |e! iHt |! "

if the QC can efÞciently measure

<latexit sha1_base64="s7yZfmQov4WAW2Ybe1kkUVirTG8="></latexit>

! ! |P�(E )AP�(E )|! "
! ! |P�(E )2|! "

<latexit sha1_base64="BmxRnsl0b89DCqHCnoqHbzKX76s="></latexit>

T = poly( N, 1/ ! , 1/ ")

can be determined up to error   
in time

<latexit sha1_base64="vgzxXWHT7MevAzTAoi/PSxB7f3s="></latexit>!

microcanonical (generic case)
requires

<latexit sha1_base64="HrjiruNkEPOXC/WhWVk/YGot7Vc="></latexit>

! ! 1/ polyN
Dymarsky, Liu PRE 2018

Lu et al. PRX Quantum 2, 02032 (2021)

SGS
isoPEPS
plaquette 

PEPS

MCB et al PRA 2008

Zaletel, Pollmann PRL 2020

Wei, Malz, Cirac PRL 2022



quantum algorithm (2)

<latexit sha1_base64="5Rr0t9RwjD+CwXxO2j4Ol4GOUM0="></latexit>

÷A�,! (E ) =
! ! |P�(E )AP�(E )|! "

! ! |P�(E )2|! "

can compute observables:

potential problem: denominator too small
<latexit sha1_base64="kAyqTclpxS+pZA2bXN+qb3eP6zA=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6bWtu6KblxJBfuAzlAyadqGZpJpkimUod/hxoUibv0Yd/6N6UNQ0QMXDufcy733hDFn2iD04aysrq1vbGa2sts7u3v7uYPDhpaJIrROJJeqFWJNORO0bpjhtBUriqOQ02Y4vJ75zTFVmklxbyYxDSLcF6zHCDZWCnw9Uib1uezD22knl0cuKhW9ggeRe4G8SgEtyGX5HHoumiMPlqh1cu9+V5IkosIQjrVueyg2QYqVYYTTadZPNI0xGeI+bVsqcER1kM6PnsJTq3RhTypbwsC5+n0ixZHWkyi0nRE2A/3bm4l/ee3E9CpBykScGCrIYlEv4dBIOEsAdpmixPCJJZgoZm+FZIAVJsbmlLUhfH0K/yeNguuV3OJdMV+9WsaRAcfgBJwBD5RBFdyAGqgDAkbgATyBZ2fsPDovzuuidcVZzhyBH3DePgEyXpJm</latexit>!

logNshown to be large enough in              vicinity of 
<latexit sha1_base64="2hOMPztJAg8S40lsVqskU+ibJB0=">AAAB8HicdVDLSgNBEOz1GeMr6tHLYBA8LTMxmngLiuAxgjGBZAmzk9lkyOzDmVkhLPkJLx4UxKuf482/cfIQVLSgoajqprvLT6TQBuMPZ2FxaXllNbeWX9/Y3Nou7Oze6jhVjDdYLGPV8qnmUkS8YYSRvJUoTkNf8qY/vJj4zXuutIijGzNKuBfSfiQCwaixUuuym3XqWoy7hSJ28WmZlAjC7gkm1RKekbPKMSIunqIIc9S7hfdOL2ZpyCPDJNW6TXBivIwqI5jk43wn1TyhbEj7vG1pREOuvWx67xgdWqWHgljZigyaqt8nMhpqPQp92xlSM9C/vYn4l9dOTVD1MhElqeERmy0KUolMjCbPo55QnBk5soQyJeytiA2ooszYiPI2hK9P0f+kWXJJ2SXkulysnc/zyME+HMAREKhADa6gDg1gIOEBnuDZuXMenRfndda64Mxn9uAHnLdP6A+QXg==</latexit>

E!

microcanonical for 
<latexit sha1_base64="AVZgSzTFSAF6vSUYrjp4ej/slZc=">AAACBnicdVDLSgMxFM3UV62vqksRgkWomzFTa1t3RTeupIJ9QKeUTJq2ocnMkGSEMnTlxl9x40IRt36DO//GTFtBRQ9cOJxzL/fe44WcKY3Qh5VaWFxaXkmvZtbWNza3sts7DRVEktA6CXggWx5WlDOf1jXTnLZCSbHwOG16o4vEb95SqVjg3+hxSDsCD3zWZwRrI3Wz+26Pco1dxQR0jl2B9VCKOAz4eJK/Oupmc8hGpaJTcCCyT5FTKaAZOSufQMdGU+TAHLVu9t3tBSQS1NeEY6XaDgp1J8ZSM8LpJONGioaYjPCAtg31saCqE0/fmMBDo/RgP5CmfA2n6veJGAulxsIzncmd6reXiH957Uj3K52Y+WGkqU9mi/oRhzqASSawxyQlmo8NwUQycyskQywx0Sa5jAnh61P4P2kUbKdkF6+Luer5PI402AMHIA8cUAZVcAlqoA4IuAMP4Ak8W/fWo/Vivc5aU9Z8Zhf8gPX2Cf3UmNg=</latexit>

! ! 1/ poly(N )

<latexit sha1_base64="ZThfkxpgo3UxoOzKaWwkIgOH0Ic="></latexit>

A ! (E ) =
tr[ AP! (E )]
tr[ P! (E )]

better convergence

Lu et al. PRX Quantum 2, 02032 (2021)



can be computed using Monte Carlo sampling

quantum algorithm (2)

Lu et al. PRX Quantum 2, 02032 (2021)

<latexit sha1_base64="ZskqJaYG2ft5weAwC1GLDtHdC4E="></latexit>

A ! (E ) =
!

! ! ! |AP! (E )|! "
!

! ! ! ! ! |P! (E )|! !"



can be computed using Monte Carlo sampling

computed by quantum simulator

importance sampling (classical)

also for canonical quantities
<latexit sha1_base64="ApUTK1H/YL6b1mDFzLlzoYGp+kk="></latexit>

A ! (! ) =

! E 1

E 0
dE e! " E tr[ P! (E )A]

! E 1

E 0
dE e! " E tr[ P! (E )]

quantum algorithm (2)

Lu et al. PRX Quantum 2, 02032 (2021)

<latexit sha1_base64="gnadkusf5SnKkkpZ5jiYfevyiNI="></latexit>

A ! (E ) =
!

!

! ! |AP! (E )|! "
! ! |P! (E )|! "

! ! ! |P! (E )|! "
"

! ! ! ! ! |P! (E )|! !"



Ising model, N=100
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hybrid strategy for microcanonical quantities
<latexit sha1_base64="d31P9jHyCQrFZMyIWph8bqYhSmE="></latexit>

M =
1

2N

N!

n =1

(! n,z + 1)

Lu et al. PRX Quantum 2, 02032 (2021)



quantum-inspired classical algorithm: 
simulate evolution with TNS

in 1D with MPS we can reach 
<latexit sha1_base64="EuNZ7xkCNDvBdPivsuOuVYEfhb0="></latexit>

! ! 1/ logN
MCB, Huse, Cirac, PRB!101, 144305 (2020)

Yang et al arXiv:2204.09439 



Yang et al arXiv:2204.09439 

classical simulation
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<latexit sha1_base64="vNft91JESQ9CbxBQMGkiOTjedWw="></latexit>

� =
p
N
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<latexit sha1_base64="h5xh4E+XUN1ublMoPtR5x77rkv8="></latexit>
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p
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microcanonical properties



classical simulation

Yang et al arXiv:2204.09439 
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also sampling over product 
states and evolve MPS
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further examples of classical simulation of 
Þlters



DoS of Schwinger model
small lattice spacing

near Gaussian shape

large lattice spacing

asymmetric shape

I. Papaefstathiou et al., PRD104, 014514 (2021)



diagonal ensemble



probing thermalization

°50 °25 0 25 50
E
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|X+i
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g = �1.05

<latexit sha1_base64="g2b85hiDoz3kmYwyTfdT2EmgwdQ="></latexit>

h = 0.5

<latexit sha1_base64="DS589yz7wCuBO9/PG0eKxp3bfbI="></latexit>

non-integrable case

O = �
[N/2]
z

<latexit sha1_base64="C7Y+3FtMUrwVhDvZgGAoKHL7wT8="></latexit>
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<latexit sha1_base64="sfTBv/tHGAPbC7pxNjEGSkCse8Q="></latexit>

g = 0.8

<latexit sha1_base64="MF0KnysbAyFnbUyeQVkLuPF/VZA="></latexit>

integrable case

O =

 
X

i

�
[i]
z

!2

<latexit sha1_base64="DEYIU8od0vxwMbG/HG3IINrmmbA="></latexit>

thermal

N = 40

<latexit sha1_base64="s6oTb3RL7tbdRCGMIFZpIl1rsFw="></latexit>

Yang, Iblisdir, Cirac, MCB, PRL124, 100602 (2020)

<latexit sha1_base64="57Fhlom7zz7XSp7lAM/f10WCLBw="></latexit>

HIsing = J

N�1X

i=1

�
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z



diagonal ensemble

<latexit sha1_base64="dEaHjlfow2TIeHzZaN5M6XDFZR4="></latexit>

|EnihEm| ! |Eni|Emi

<latexit sha1_base64="MctK1TlkGc4fNtgTsZFaQzVL4vM="></latexit>

⇢(0) =
X

n,m

cnc
⇤
m|Eni|Emi

non-degenerate spectrum
<latexit sha1_base64="2HjC+UsrjFkZ/0YPloAy8uS0xxA="></latexit>

⇢D( ) =
X

n

|cn|2|EnihEn|

<latexit sha1_base64="327levRyqo8RhFAWseZdioEbq5U="></latexit>

lim
T!1

1

T

Z
dth (t)|O| (t)i =

X

n

|cn|2Onn = tr[⇢D( 0)O]

Þltering off-diagonal elements
<latexit sha1_base64="PaODUICWLxe+g6jNJbzs1Ikfhq4=">AAACAnicdVDLSgMxFM3UV62vqitxEyyCqyFTW1t3RSm4rGAf0ClDJk3b0ExmSDJCaYsbf8WNC0Xc+hXu/BvTTgUVPXC5h3PuJbnHjzhTGqEPK7W0vLK6ll7PbGxube9kd/caKowloXUS8lC2fKwoZ4LWNdOctiJJceBz2vSHlzO/eUulYqG40aOIdgLcF6zHCNZG8rIHk6onXIlFn1Po8qRXvWACvWwO2eis4OQdiOwicsp5lJDz0il0bDRHDixQ87LvbjckcUCFJhwr1XZQpDtjLDUjnE4zbqxohMkQ92nbUIEDqjrj+QlTeGyULuyF0pTQcK5+3xjjQKlR4JvJAOuB+u3NxL+8dqx75c6YiSjWVJDkoV7MoQ7hLA/YZZISzUeGYCKZ+SskAywx0Sa1jAnh61L4P2nkbadoo+tCrnKxiCMNDsEROAEOKIEKuAI1UAcE3IEH8ASerXvr0XqxXpPRlLXY2Qc/YL19Ardglv8=</latexit>

|EnihEm|

<latexit sha1_base64="PMU4r9eX6sAurvTeaAQ03Bgv3pw=">AAACGXicdVDLSsNAFJ34rPUVdelmsAhuLIlYHwuh2E3cVegLmhgm00k7dPJgZiKU0N9w46+4caGIS135N07aFKrogYEz59zLvfd4MaNCGsaXtrC4tLyyWlgrrm9sbm3rO7stESUckyaOWMQ7HhKE0ZA0JZWMdGJOUOAx0vaGtcxv3xMuaBQ25CgmToD6IfUpRlJJrm5Ybu3KsiNJAyKgHSA58Lz0ZgyP5z8z37pruHrJKBsTwDlSMczLMxOauVICOequ/mH3IpwEJJSYISG6phFLJ0VcUszIuGgngsQID1GfdBUNkRrkpJPLxvBQKT3oR1y9UMKJOt+RokCIUeCpymxb8dvLxL+8biL9CyelYZxIEuLpID9hUEYwiwn2KCdYspEiCHOqdoV4gDjCUoVZVCHMLoX/k9ZJ2ayUjdvTUvU6j6MA9sEBOAImOAdVYIE6aAIMHsATeAGv2qP2rL1p79PSBS3v2QM/oH1+Ayunn8s=</latexit>

HC = H ⌦ I� I⌦H
Teffective Hamiltonian

Cakan, Cirac, MCB, PRB103, 115113 (2021)



product initial states

Ising non-integrable

HIsing = J

X

i

�
[i]
z �

[i+1]
z + g

X

i

�
[i]
x

+ h

X

i

�
[i]
z

<latexit sha1_base64="bmhRtN664LL7f7Vn0SysXhxEp8I="></latexit>

J = 1, g = �1.05, h = 0.5
<latexit sha1_base64="S4s0mjlvfxTOHfdZyLwbU2JLdTo=">AAACAnicdVDLSgMxFM3UV62vUVfiJlgEF3XIVOtjUSi6EVcV7APaoWTStA3NPEgyQhmKG3/FjQtF3PoV7vwb0+kIVfTAhcM593LvPW7ImVQIfRqZufmFxaXscm5ldW19w9zcqssgEoTWSMAD0XSxpJz5tKaY4rQZCoo9l9OGO7yc+I07KiQL/Fs1Cqnj4b7PeoxgpaWOuXNdtguwXYD98qFtoVLCB2VklTpmHlkoAZwhJWSfn9jQTpU8SFHtmB/tbkAij/qKcCxly0ahcmIsFCOcjnPtSNIQkyHu05amPvaodOLkhTHc10oX9gKhy1cwUWcnYuxJOfJc3elhNZC/vYn4l9eKVO/MiZkfRor6ZLqoF3GoAjjJA3aZoETxkSaYCKZvhWSABSZKp5bTIXx/Cv8n9aJlH1nFm+N85SKNIwt2wR44ADY4BRVwBaqgBgi4B4/gGbwYD8aT8Wq8TVszRjqzDX7AeP8CvLaTLA==</latexit>

NUMERICAL RESULTS

<latexit sha1_base64="s0Ja3hj1IRSQBXtJ995YFKyxr28=">AAACEHicdVDLSgMxFM3UV62vUZdugkUUhDIj1hcIRTeupIJ9YKeWTJppQzOZIckIZTqf4MZfceNCEbcu3fk3pu0IVfRA4Nxz7uXmHjdkVCrL+jQyU9Mzs3PZ+dzC4tLyirm6VpVBJDCp4IAFou4iSRjlpKKoYqQeCoJ8l5Ga2zsf+rU7IiQN+LXqh6Tpow6nHsVIaallbg/im90EOgLxDiMnp3AQW0la3cZOoKhPJLxMWmbeKlgjwAlStOzjAxvaqZIHKcot88NpBzjyCVeYISkbthWqZoyEopiRJOdEkoQI91CHNDTlSO9pxqODErillTb0AqEfV3CkTk7EyJey77u600eqK397Q/EvrxEp76gZUx5GinA8XuRFDKoADtOBbSoIVqyvCcKC6r9C3EUCYaUzzOkQvi+F/5PqXsEuFqyr/XzpLI0jCzbAJtgBNjgEJXAByqACMLgHj+AZvBgPxpPxaryNWzNGOrMOfsB4/wKgUZz6</latexit>

|Z+i := |0i⌦N
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approach thermal as Þlter narrows

entropy in diagonal ensemble 
grows ~linearly with N

Cakan, Cirac, MCB, PRB103, 115113 (2021)



product initial states

Ising integrable
<latexit sha1_base64="ztPw5Zqe3UXUUat+CH/KWdFShyg="></latexit>

HIsing = J

X
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x

NUMERICAL RESULTS

<latexit sha1_base64="s0Ja3hj1IRSQBXtJ995YFKyxr28=">AAACEHicdVDLSgMxFM3UV62vUZdugkUUhDIj1hcIRTeupIJ9YKeWTJppQzOZIckIZTqf4MZfceNCEbcu3fk3pu0IVfRA4Nxz7uXmHjdkVCrL+jQyU9Mzs3PZ+dzC4tLyirm6VpVBJDCp4IAFou4iSRjlpKKoYqQeCoJ8l5Ga2zsf+rU7IiQN+LXqh6Tpow6nHsVIaallbg/im90EOgLxDiMnp3AQW0la3cZOoKhPJLxMWmbeKlgjwAlStOzjAxvaqZIHKcot88NpBzjyCVeYISkbthWqZoyEopiRJOdEkoQI91CHNDTlSO9pxqODErillTb0AqEfV3CkTk7EyJey77u600eqK397Q/EvrxEp76gZUx5GinA8XuRFDKoADtOBbSoIVqyvCcKC6r9C3EUCYaUzzOkQvi+F/5PqXsEuFqyr/XzpLI0jCzbAJtgBNjgEJXAByqACMLgHj+AZvBgPxpPxaryNWzNGOrMOfsB4/wKgUZz6</latexit>

|Z+i := |0i⌦N
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<latexit sha1_base64="Hj1colMZG+LEmrcwaOQK8IweO98=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4KEMi1seiUHQjrirYB7RjyaSZNjSTGZKMUob+hxsXirj1X9z5N6YPoYoeuHA4517uvcePBdcGoU8ns7C4tLySXc2trW9sbuW3d+o6ShRlNRqJSDV9opngktUMN4I1Y8VI6AvW8AeXY79xz5Tmkbw1w5h5IelJHnBKjJXursu4CNtF2CtjF5U6+QJy0QRwjpQQPj/BEM+UApih2sl/tLsRTUImDRVE6xZGsfFSogyngo1y7USzmNAB6bGWpZKETHvp5OoRPLBKFwaRsiUNnKjzEykJtR6Gvu0Mienr395Y/MtrJSY481Iu48QwSaeLgkRAE8FxBLDLFaNGDC0hVHF7K6R9ogg1NqicDeH7U/g/qR+5uOSim+NC5WIWRxbsgX1wCDA4BRVwBaqgBihQ4BE8gxfnwXlyXp23aWvGmc3sgh9w3r8A8A6QNA==</latexit>

J = 1, g = 1.05

converges (non-thermal) as Þlter 
narrows

thermal

long time
average

Cakan, Cirac, MCB, PRB103, 115113 (2021)



Quantum: provable efÞciency, no sign problem

TNS: alternatives to the most popular algorithms 
for equilibrium and evolution

energy Þlters can 
provide other (classical 
and quantum) tools to 

get dynamical properties

To conclude

quantum/hybrid algorithms
Lu, PRX Quantum 2, 020321 (2021)

Yang, arXiv:2204.09439 

spectral properties of a 
QMB Hamiltonian

Yang, PRL124, 100602 (2020)
Papaefstathiou, PRD104, 014514 (2021)

pure states with low 
energy variance
PRB!101, 144305 (2020)

diagonal ensemble
Cakan, PRB103, 115113 (2021)



Quantum: provable efÞciency, no sign problem

TNS: alternatives to the most popular algorithms 
for equilibrium and evolution

energy Þlters can 
provide other (classical 
and quantum) tools to 

get dynamical properties

To conclude

quantum/hybrid algorithms

Thanks for your attention!

Lu, PRX Quantum 2, 020321 (2021)
Yang, arXiv:2204.09439 

spectral properties of a 
QMB Hamiltonian

Yang, PRL124, 100602 (2020)
Papaefstathiou, PRD104, 014514 (2021)

pure states with low 
energy variance
PRB!101, 144305 (2020)

diagonal ensemble
Cakan, PRB103, 115113 (2021)


